Abstract. Several specific Franklin squares and magic squares are decomposed into their quotient and remainder squares. The results support the conjecture that Franklin used the Eulerian composition method to construct many of his squares. This method also can be used to construct new Franklin squares as illustrated herein.
Introduction
Franklin squares were created by Benjamin Franklin and two of them were first published in 1769 according to Pasles [10, p. 127] . They differ from ordinary magic squares by the imposition of bent-diagonal sum conditions instead of the two diagonal sum conditions. Franklin squares have received considerable attention over the years as reviewed by Pasles [10] . A general treatment of magic squares and circles is given by Pickover [12] .
Unfortunately, Franklin did not reveal his construction methods and there is controversy on this question. His order-8 and order-16 squares of 1769, as given in [10] , can be constructed by a direct method due to Jacobs [4] which he applies to construct an order-24 Franklin square. This construction involves sequential placement of integer elements in five prescribed steps. Jacobs' construction also yields the order-32 Franklin square of Behrforooz [1] . However, a proof of the validity of Jacobs' construction for order-8k Franklin squares is lacking.
Franklin squares also can be constructed by the addition of two orthogonal auxiliary squares according to a composition formula first published by Euler [2] in 1776. According to Pasles [10] , the composition construction was used by Youle in 1813 to construct Franklin's original two squares and perhaps by Franklin himself (before Euler). However, it is not clear how Franklin formed his two auxiliary squares, if indeed he used this method.
Nordgren [6] gives a systematic construction for Franklin squares of order 8k. He obtains two types of formulas for the elements of the two auxiliary squares that allow straightforward numerical formation of order-8k Franklin squares. These formulas are used to verify that the auxiliary squares are suitable for construction of Franklin squares. Since this construction leads to Franklin's original 1769 squares for k = 1, 2, it may be regarded as an extension of his methodology and may have been used by him. This speculation is supported by an examination of the Eulerian composition of three order-8 Franklin squares by Pasles [10] and three order-16 Franklin squares in what follows. The auxiliary squares for these Franklin squares follow regular patterns. The Eulerian composition of some of these squares and others is given by Morris [5] who also contends that Franklin used this method. It is difficult to see how many of these Franklin squares could be constructed by direct methods.
The formulas given in [6] also generate the order-24 Franklin square of Jacobs [4] (Figures 1,2,3 ) and the order-32 Franklin square of Behrforooz [1] . A new order-40 Franklin square, constructed by Nordgren's method, is shown in Figure 4 . It also can be constructed by Jacob's method. These constructions lend support to Jacobs' construction but a direct connection between the two methods is lacking.
Numerical generation of all natural order-8 Franklin squares is carried out by Schindel, et.al. [13] . The basic 4320 of these squares were made available to the author and one of them is decomposed into auxiliary squares in what follows.
Definitions
For completeness, we review the definitions of magic and Franklin squares. All rows and columns of a semi-magic square matrix must sum to an index number m. If its main diagonal and the cross diagonal also sum to m, then the square is magic. Natural n × n (order -n) magic and semi-magic squares have elements 1, 2, . . . , n 2 for which
Instead of the two diagonal sum conditions, Franklin defined four families of bent diagonals which must sum to m. In the following families of order-6 squares, elements on the six bent diagonals (with wraparound) have the same symbol:
where Q n and R n are order-n orthogonal matrices and U n is the unity matrix with all elements 1. Orthogonal matrices are defined as having each ordered pair of elements in the same position in the two matrices occurring once and only once. A natural Franklin matrix can be constructed by requiring that the quotient matrix Q n and the remainder matrix R n have elements 0, 1, . . . , n − 1 repeated n times. If such Q n and R n are orthogonal and satisfy the three Franklin sum conditions with m replaced bym = n (n − 1) /2, then M n from (3) is a Franklin matrix. Given M n , then R n and Q n are obtained from
which are used in what follows.
Order-6 Squares
Pasles [10, p. 196] gives the following square published by Franklin in 1769: 
It is natural, semi-magic, and its four main bent-diagonals (starting at the corners) sum to m = 111 as do the four bent diagonals that bend at the middle of the four sides. In addition, other sets of squares add to m [10, p. 197] . However, it does not satisfy all the Franklin square sum conditions. Its auxiliary matrices from (4) are 
These auxiliary matrices are not semi-magic since their second and fifth columns do not sum tô m = 15 as do all other columns and all rows. This counterexample indicates that semi-magic conditions on Q n and R n are not necessary conditions for a square to be semi-magic. Also, some of the bent diagonals of Q n and R n mentioned above do not sum tom = 15. However, a counterexample of a full Franklin square has not been found and it is an open question whether Franklin conditions on Q n and R n are necessary for M n from (3) to be a Franklin square.
Here is the order-6 natural magic square given by Euler [2] : 
with auxiliary matrices from (4): 
This time Q 6 and R 6 are magic withm = 15.
Here is the order-6 natural magic square from the Historical Museum in Xian, China (photograph in [8] ): 
Again Q 6 and R 6 are magic withm = 15.
The method of constructing the above three M 6 squares is not apparent and it does not appear to make use of auxiliary squares.
Order-8 Squares
We consider the Eulerian composition of three Franklin squares given by Pasles [10, pp. 236-237] . Several of these squares also have been decomposed by Morris [5] . Here is Franklin's original order-8 square published in 1769 [10, p. 127]: 
with auxiliary matrices from (4) and Pasles [10, p. 236]: 
These auxiliary matrices satisfy Franklin's three sum conditions withm = 28. They follow from formulas given by Nordgren [6] based on the form of the first row of Q 8 and the main diagonal of R 8 . Also, this F 8 can be constructed by the direct method of Jacobs [4] .
Here is Franklin's order-8 pandiagonal magic square given by Pasles [10, p. 207]: 
It satisfies Franklin's bent diagonal sum conditions and his 2 × 2 subsquare sum conditions but not his half-row/column sum conditions. Its auxiliary matrices from (4) and Pasles [10, p. 237 ] are: 
These auxiliary matrices also satisfy two of Franklin's three sum conditions withm = 28 and they are pandiagonal.
Here is another of Franklin's order-8 Franklin square given by Pasles [10, p. 169]: 
with auxiliary matrices from (4) and Pasles [10, p. 237]: 
These auxiliary matrices also satisfy Franklin's three sum conditions withm = 28. This Q 8 is pandiagonal but R 8 is not and so F 8 of (15) is not pandiagonal.
The elements of all of the above auxiliary matrices follow a distinctive pattern which may be how Franklin constructed them. A direct construction of the two Franklin matrices (13,15) appears to be rather difficult. The reader is invited to try!
The following order-8 pandiagonal Franklin magic square is given by Schindel, et.al.
[13, Supplement #2574]: 
with auxiliary matrices from (4): 6 1 7 0 6 1 7 1 7 0 6 1 7 0 6 6 0 7 1 6 0 7 1 7 1 6 0 7 1 6 0 2 4 3 5 2 4 3 5 3 5 2 4 3 5 2 4 4 2 5 3 4 2 5 3 5 3 4 2 5 3 4 
These auxiliary matrices also satisfy Franklin's three sum conditions withm = 28 and they are pandiagonal. Although there is a pattern to their elements, it is not clear how they could be systematically constructed. Auxiliary matrices of other Franklin matrices from [13] show similar patterns.
Order-16 Squares
Here is Franklin's original order-16 square published in1769 according to Pasles [10, p. 135]: 
(19) with auxiliary matrices from (4) and [5] : 13 12 11 10 9 8 7 6 5 
7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 5 10 5 10 5 10 5 10 5 10 5 10 5 10 5 10 11 4 11 4 11 4 11 4 11 4 11 4 11 4 11 4 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 10 5 10 5 
These auxiliary matrices satisfy Franklin's three sum conditions withm = 120. They can be constructed by Nordgren's formulas [6] . The Franklin square F 16 also is constructed by Jacobs' direct method [4] .
Here is Franklin's pandiagonal square according to Pasles [10, p. 202 ]: 
with auxiliary matrices from (4) and [5] : 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 14 1 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 13 2 3 12 3 12 3 12 3 12 3 12 3 12 3 12 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 7 8 14 1 0 13 12 3 2 11 10 5 4 9 8 7 6 0 1 14 15 2 3 12 13 4 5 10 11 6 7 8 9 15 14 1 0 13 12 3 2 11 10 5 4 9 8 7 6 0 1 14 15 2 3 12 13 4 5 10 11 6 7 8 9 14 15 0 1 12 13 2 3 10 11 4 5 8 9 6 7 1 0 15 14 3 2 13 12 5 4 11 10 7 6 9 8 14 15 0 1 12 13 2 3 10 11 4 5 8 9 6 7 1 0 15 14 3 2 13 12 5 4 11 10 7 6 9 
These auxiliary matrices satisfy Franklin's three sum conditions withm = 120 and they are pandiagonal. Again their elements follow a distinct pattern.
Here is a new order-16 natural, pandiagonal, Franklin square constructed by generalizing the order-8 auxiliary squares (14): 6 245 10 249 14 253 16 255 12 251 8 247 4 243 15 256 11 252 7 248 3 244 1 242 5 246 9 250 
(25) Further generalizations should lead to higher order-8k squares of this same type.
Here is a new order-16 natural Franklin square constructed by generalizing the order-8 auxiliary squares (16): 
(26) Further generalizations should lead to higher order-8k squares of this same type. Several other squares of the Franklin type are constructed by Morris [5] using Eulerian composition. Also, Hurkens [3] constructs several Franklin squares of various orders by direct methods.
Conclusion
In the author's opinion and that of others [5, 10] , the distinct pattern of elements of the auxiliary matrices Q n and R n considered here indicate that Franklin probably used the Eulerian composite method of construction of his squares of orders 8 and 16. It is difficult to see how many of his squares and others presented here and in [5, 10] could be constructed by a direct method. However, the referees of Nordgren's article [6] contend that Franklin used a direct method which shows that the question of Franklin's construction method may never be resolved to everyone's satisfaction. Figure 1 Order-24 Franklin square Figure 2 Quotient matrix for F 24 Figure 4c Order-40 Franklin matrix -right third
